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THE CAFFARELLI-KOHN-NIRENBERG INEQUALITY FOR 
SUBMANIFOLDS IN RIEMANNIAN MANIFOLDS 

M. BATISTA, H. MIRANDOLA, AND F. VITORIO 


Abstract. After works by Michael and Simon m, Hoffman and Spruck 
[2], and White [H], the celebrated Sobolev inequality could be extended 
to submanifolds in a huge class of Riemannian manifolds. The universal 
constant obtained depends only on the dimension of the submanifold. 
A sort of applications to the submanifold theory and geometric analysis 
have been obtained from that inequality. It is worthwhile to point out 
that, by a Nash Theorem, every Riemannian manifold can be seen as 
a submanifold in some Euclidean space. In the same spirit, Carron ob¬ 
tained a Hardy inequality for submanifolds in Euclidean spaces. In this 
paper, we will prove the Hardy, weighted Sobolev and Caffarelli-Kohn- 
Nirenberg inequalities, as well as some of their derivatives, as Galiardo- 
Nirenberg and Heisenberg-Pauli-Weyl inequalities, for submanifolds in 
a class of manifolds, that include, the Cartan-Hadamard ones. 
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1. Introduction 

Over the years, geometers have been interested in understanding how inte¬ 
gral inequalities imply geometric or topological obstructions on Riemannian 
manifolds. Under this purpose, some integral inequalities lead us to study 
positive solutions to critical singular quasilinear elliptic problems, sharp con¬ 
stants, existence, non-existence and symmetry results for extremal functions 
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on subsets in the Euclidean space. About these subjects, one can read, for 
instance, m, 0 , 0 , 0 , 0 , 0 , m, m and references therein. 

In the literature, some of the most known integral inequalities are the 
Hardy inequality, Gagliardo-Nirenberg inequality, and, more generally, the 
Caffarelli-Kohn-Nirenberg inequality. These inequalities imply compari¬ 
son for the volume growth, estimates of the essencial spectrum for the 
Schrodinger operators, parabolicity, among others properties (see, for in¬ 
stance, da EKE]). 

In this paper, we propose to study the Caffarelli-Kohn-Nirenberg (CKN) 
inequality for submanifolds in a class of Riemannian manifolds that in¬ 
cludes, for instance, the Cartan-Hadamard manifolds, using an elementary 
and very efficient approach. We recall that a Cartan-Hadamard manifold 
is a complete simply-connected Riemannian manifold with nonpositive sec¬ 
tional curvature. Euclidean and hyperbolic spaces are the simplest examples 
of Cartan-Hadamard manifolds. 

2. Preliminaries 

In this section, let us start recalling some concepts, notations and basic 
properties about submanifolds. First, let M = be a /c-dimensional Rie¬ 
mannian manifold with (possibly nonempty) smooth boundary dM. Assume 
M is isometrically immersed in a complete Riemannian manifold M. Hence¬ 
forth, we will denote by / : M —)• M the isometric immersion. In this paper, 
no restriction on the codimension of / is required. By abuse of notation, 
sometimes we will identify f{x) = x, for all x G M. Let (•, •) denote the Eu¬ 
clidean metric on M and consider the same notation to the metric induced 
on M. Associated to these metrics, consider the Levi-Civita connections 
D and V on M and M, respectively. It easy to see that VyZ = {DyZ)~^, 
where T means the orthogonal projection onto the tangent bundle TM. The 
Causs equation says 

DyZ = VyZ + II{Y,Z), 

where II is a quadratic form named by second fundamental form. The mean 
curvature vector is defined by iL = Tr m II- 

Let 1C : [0, oo) —[0, oo) be a nonnegative continuous function and h G 
(^^([O,-|-oo)) the solution of the Cauchy problem: 

, , h” + ICh = 0, 

h{0) = 0, h'{0) = 1. 

Let 0 < f 0 = ro(/C) < -|-oo be the supremum value where the restric¬ 
tion h|[o,fQ) is increasing and let [0, sq) = h{[0,fo)). Notice that h' is non¬ 
increasing since h” = —ICh < 0. 

Example 2.1. If /C = 6^, with 5 > 0, then 

(i) if 6 = 0, it holds h{t) = t and tq = sq = -boo; 

(ii) if 6 > 0, it holds h{t) = ^ sin(5t) and Lq = ^ and so = h(fo) = 
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For ^ G M, let = dj^{- ,^) be the distance function on M from ^ € M. 
In this paper, we will deal with complete ambient spaces M whose radial 
sectional curvature satisfies (-^rad)5o — some fixed S M. Let 

us recall the definition of radial sectional curvature. Let x G M and, since 
M is complete, let 7 : [0,to = —>• M be a minimizing geodesic in 

M from ^ to x. For all orthonormal pair of vectors Y, Z £ T^M we define 
= {R{Y,i{to)W{to),Z). 


Example 2.2. Let {P,dap) be a complete manifold. Consider the manifold 
M = [0, ro) X P/ ~, where (0, yi) ~ ( 0 ,^ 2 ), for all yi, and y2 G P, with the 
following metric: 

(2) {■ = dr'^+ h{rfdal,. 


Since h > 0 in (0, ro), /i(0) = 0 and /i'(0) = 1, it follows that M defines a 
Riemannian manifold. If P = is the round metric, (, is called a 

rotationally invariant metric. 

We fix the point ,^0 = (OjH) € M. The distance dj^((r, y), ^0) = f-, for all 
(r, y) £ M. The curvatura tensor P of M satisfies 


(3) 


R{Y,dr)dr 


— if Y is tangent to P; 

0, iiY = dr. 


Hence, the radial sectional curvature (Pi.ad)^o(' j') = (P('j 9r)9r, •), with 
basis point satisfies (Prad)5o ~ ^(r)- 

A huge class of metrics are rotationally symmetric: (i) The Euclidean 
metric: (, )Kn = dr^ + r^d(7|„_i, in [ 0 , 00) x (ii) The spherical metric 

(,)s" = dr"^ + sin^(r)dcr|„_i, in [ 0 , vr] x 8”“^. (hi) The Hyperbolic metric: 
() )h" = +sinh^(r)d(7|„_i, in [ 0 , 00) X (iv) Some classical examples 

in general relativity: Schwarzchild metric, De Sitter-Schwarzchild metric, 
Kottler-Schwarzchild metric, among others. 


Assume the radial sectional curvatures of M satisfies (Prad)$o — ^(r); 
where r = = dj^{-,Co). We fix 0 < ro < min{fo(/C),/nyjg(^o)} and 

consider the geodesic ball B = Pr-o(^o) = {x £ M \ dj^{x,^o) < ro}. It 
follows that r is differentiable at all points in P* = B \ {,^ 0 } and, by the 
Hessian comparison theorem (see Theorem 2.3 page 29 of m). we have 

(4) Hess,.(r,r) > ^^^(1 - (Vr,r)2), 

h{r) 

for all points in B* and vector fields v : B* ^ TM with |r| = 1. 

For a vector field Y : M ^ TM, the divergence of T on M is given by 

k 

div mY = '^{DeY,ei), 
i=l 

where {ei,--- ,6^} denotes a local orthonormal frame on M. By simple 
computations, one has 
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Lemma 2.3. Let Y : M ^ TM he a vector field and G C'^(M). The 
following items hold 

(a) div mY = divMh""^ - {H,Y)] 

(b) divM(V’^) = 4’ divAfT + {S/^ip.Y). 

From now on, we will consider the radial vector held X = = h(r)Xr, 

dehned in B*. Notice that |X| = h{r) > 0 everywhere in B*. 


Lemma 2.4. For all a G (—oo,+oo), it holds 


iVr^P 


in M n B*. Here, (•)■*■ denotes the orthogonal projection on the normal 
bnndle TM^ of M. 


Proof. By Lemma Q item [(b)| divAf(^^^) = -^^div^T (V^(^^), X). 
Since 1 = |Vrp = |Vr''"p + |Vr-*-p, and V^(i^^) = —a , one has 


divM( 




1 


h{r] 

1 


-divM-’^ - 


h(rP 

ah'{r) - -j 


h{r 


.a+l 


(Vr ' ,/i(r)Vr) 


, ah'(r) a/i'(r)|Vr-*-P 

„diVM^ - ^ 


On the other hand, let {ei, • • • , e^} denote an orthonormal frame on M. By 
dl, we have 

k k 

divMX = '^{De^X,ei) = '^[h'{r){Vr,eif + h{r)ResSriei,ei)] 


i=l i=l 

\T|2 I 


> /i'(r)|(Vr)^F + h'{r){k — |(Vr)^f) = kh'(r) 

Lemma 12.41 follows. 


□ 


3. The Hardy inequality for submanifolds 


Carron [3] proved the following Hardy Inequality. 


Theorem A (Carron). Let be a eomplete non eompaet Riemannian 
manifold isometrically immersed in a Euclidean space M”. Fix v G M”' and 
let r{x) = \x — v\, for all x G S. Then, for all smooth function G Cf°{Y) 
compactly supported in Y, the following Hardy inequality holds: 


{k - 2y 


L 


if 


2 ^ 


IV^V’PT 


k-2\H\if‘^ 


Just comparing Theorem A with Corollary 13.31 below, given if G C^(S), 
let M he a compact subset of S with compact smooth boundary dM satis¬ 
fying supp {if) C M C S. We will see that Corollary 13.31 does not generalize 
Theorem A, unless S is a minimal submanifold. 
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The result below will be fundamental to obtain our Hardy inequality (see 
Theorem 13.2p . 


Proposition 3.1. Fixed S M, we assume < IC{r), where r = 

r^o = dj^{- ,Co)- Assume further M is contained in a ball B = Bf^ iio), for 
some 0 < ro < min{fo(/C), Lr.t 1 < p < oo and —oo < 'j < k. 

Then, for all if G C^{M), with ip > 0, it holds 


{k--f)Ph'{roy-^ 


< 


I 

Jm 


pp 

1 


/ 

Jm 


ipPh'jr) 7[(fc - 7)h^(ro)]P ^ 
pP~^ 


ipPh'{r) |(Vr)^|2 




h{r)r 


p2 


,]p/2 + 


[{k-l)h'{ro)] 


'M 

P -1 


pP 


-1 


I 

JdM 


h{r)'i 


provided that Jqm exists. Here, v denotes the outward conor¬ 

mal vector to dM. 


Proof. First, we assume ^ AI. Let X = h{r^g)Xr^^ and write 7 = a+j3+l 
with a,/3 G M. Let ip G C^{M). By Lemma ITTI 


divM( 


ipPX^ 

IXB 


■) = V’^divM( 


(5) 




XP" 


Xp' 




m{ry h{ry 


ixr 


By the divergence theorem, 



7|Vr-*-p 

h{ry 


( 6 ) 


< 




where u denotes the outward conormal vector to the boundary dM in M. 
Let r* := max^-gs^pp dj^{f{x),f,o). Since 0 < r* < ro and h" = —Xh < 0 
it holds that h'{r) > h'{r*) > h'{rf) > 0 in M. By the Young inequality 
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with e > 0 (to be chosen soon), it holds 


/ 

JM 


“ 7 7 |Vr-‘-P, 

V’ h{rf ^ 


f ipH ipP-^X^ 


+ 


< 


1 


pV"V’ 


+ 


h{rT Hr) 


+ 


-/ 

Q 7a 


JdM \^\'^ 

l^l(p-l)-? ^ 


{x,H 


'tpp 


< 


1 


p 2 |v*^V’l \H\ 


Pe^ Jm HH 


2a 


+ 


M h{rY^ JdM H^V 
|^|(p-i)9 h'{r) 


— (Vr, v) 


h{r) 


2a 




M h{r)^^ h'{rQ) 

^(Vr,z.), 


dM h{r) 


where q = 

Now, consider /3 = (p — l)(a + 1). We have 'J = qf3 = p{a + 1). Thns, 


‘P(e) [ 

Ja 

(7) 


il)Ph'{r) 

h{ry 


+ P'ye 


j 

Jm 


il)Ph'{r)\Vr 
hir)" 


±|2 


< 




Im h{r) 


2a 


+ 


h{r) 


2a 


]P/2 


+ pe^ 


'L 


tpp 


dM HH' 


— (Vr, u) 


where ip{e) = peP[{k - 7) - = j^[{k - j)h'{ro) - j]. Now, notice 

that 

^^ip\e)ie) = peP-^[{k-j)h'{ro)--]-ePe'i-^ 
p q 

= peP-^[{k-j)hJro)-j-^e‘^-^] 

= peP~^[{k - j)h'{ro) - e"^]. 

And, ^ (p"{e) = {p—l)eP~‘^[{k — 'y)h'{rQ) — e‘^]—qeP~^e'^~^. Thus, = 0 

if and only if e"? = {k — 'y)h'{ro) > 0. At this point, ¥?"(e) = —p^^gP+g-a ^ q_ 

p — 1 

Hence, (p(e) attains its maximum at cq = [(A: — 7 )/i^(ro)] r , with 99(60) = 

j^[{k - ^)h'{ro)]P-Hl Hh'Ho) = {k- ^)Ph'{r,)P-\ 

Since pa = 7 — p, by ([ 7 |) , and multiplying both sides by ^, it holds 
{k--i)Ph'{ro)P-^ r h'{r)ijjP - 7)h'{ro)]P-^ f ' 0 P/i'(r)|Vr-L |2 


< 


J 

Jm 


pP 

1 


-1 


/ 


[|V^V ^|2 + ^W]P /2 + 


pP 

[{k - l)h'(ro)] 


M 

p-1 


L 


h{ry 

iIjP 


— (Vr, H- 


Im /i(r)'^ P p^ pP Jqm h{ry~ 

Now, we assume ^0 € M. Let Zq = {x G M \ f{x) = ^o}- Since every 
immersion is locally an embedding, it follows that Zq is discrete, hence it is 
finite, since M is compact. We write Zq = {pi ,... ,pi} and let p = r o / = 
dj^iif )^o)- By a Nash Theorem, there is an isometric embedding of M in an 
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Euclidean space The composition of such immersion with / induces an 
isometric immersion f : M ^ By the compactness of M, finiteness of 
Zq, and the local form of an immersion, one can choose a small e > 0 , such 
that [p < 2 e] := / 3 ~^[ 0 , 2 e) = UiU.. .UUi (disjoint union), where each Ui is a 
neighborhood of pi in M such that the restriction f\ui '■ Ui ^ is a graph 
over a smooth function, say Ui : Ui ^ Thns, considering the set 

[p < S] = [r < 6] Cl M (identifying x € M with /(x)), with 0 < (5 < e, again 
by the finiteness of Zq, we have that the volume \o\m{[p < <^]) = 0{5^), as 
5 —>• 0. Similarly, one also obtain that YolgMidM n [p < 5]) = 

Now, for each 0 < 5 < e, consider the cut-off function p = rjs ^ C°°{M) 
satisfying: 

0 < p < 1, in M; 

(8) P = 0, in [p < 5], and p = 1, in [p > 25]; 

IV^pI < L/6, 


for some constant L > 1, that does not depend on 6 and p. Consider cj) = pip. 
Since 4> G C^{M) and ^ M' := snpp {4>), it holds 


[k — pYh'{ tqY ^ f (jfh'{r) 7[(A: — 7)/i'(ro)]^ ^ f (j/’h'{r)\Vr 


pP 


I 

Ja 


h{r) 


7 


+ 


< 


'm h{r) 


i-p 


M 

Mj,|2 I jp/2 _|_ 


/ 

Jm 


„-L|2 




pP-^ Jm h{ry 

P-7)h'(ro)ri f 


p- 


P 


iP-i 


IdM h{r 




The integral Jqm exists, since /qm ^ 7 ) 7 - 1 1 ^)\ exists 

and 0 < 4> < Jj. Furthermore, 


Jm hUy P p^ 


(9) 

and 


+ 


/ 

J\i 


'[p>25] h{r 


‘ ^[|v"7P + 


\1-P ‘ 


1 


37[|V^<(>P + 


[5<p<25] h{r 


n-p 


F 

y\Hy 

p2 


]P/2 


L 


1 


iM j.\2 , ‘^^l-^P_jp/2 


[5<p<2<5] h{ry P p^ 

[5<p<25] h[r) 


i 

J[&- 

2[5<p<25] hyp P 6P 

= 0{^){0{l) + 0{^))0{5y = 0{d^-p, 
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as (5 ^ 0. Therefore, it holds 

(/c — I" ijjPh'{r) 

h{ry 


pp 


r> 25 ]nM 

7[(A: — 7)/i'(ro)]^“^ f {r)\Vr 

J[r> 2 S]r\M 


±\2 


+ - 


< 


pP -1 


h{ry 


Jm hir) ^ p 


+ 


h{ry 

[{k -'y)h'{ro)]P-^ 


yp 


^{Vr,i2) + Oi5’^-^). 


^ JdMn[p> 25 ] h{ry 

Proposition 13.11 follows, since A: — 7 > 0 and Jq^ h{ry~^ □ 


It is simple to see that, for all numbers o > 0 and 6 > 0, it holds 

(10) min{l,2^}(aP + 6P) < (a^ + 62 )p/ 2 < jnax{l, 2^}(aP + 6^). 

In fact, to show this, without loss of generality, we can suppose _|_ 52 _ 
We write a = cos9 and b = sin0, for some 9 G [0,71/2], If p = 2, there is 
nothing to do. Assume p / 2. Consider f{9) = aP + bP = cosP{9) + sin^( 6 *). 

The derivative of / is given by f'{9) = —pcos^“^ sin(0) +psin^“^ cos(0). 
Thus, f'{9) = 0 iff cos^“^ sin(0) = sin^“^ cos(9) = 0, that is, iff either 
cos(0) = 0 or sin(0) = 0, or cosP~‘^{9) = smP~‘^{9). Thus, f\9) = 0 iff 0 = 0, 
9 = ^, or 9 = j. So, the critical values are /(O) = /(§) = 1 and /(f) = 
2(-^)P = 2^“2. Thus, min{l,2^“2} < /(0) = qP + bP < max{l,2^“2}. 
Hence, m follows. 


As a consequence of (jl0|) and Proposition 13.11 we obtain the following 
Hardy inequality. 

Theorem 3.2. Fixed ^0 S M, ws assume {K^ad)io — where r = = 

d]^{-,^o). Assume that M is contained in a ball B = Br^iCo); foP some 
0 < ro < min{fo(/C), Let 1 < p < 00 and —00 < j < k. Then, 

for all fj G C^{M), it holds 

{k —'y)P h'{ro)P~^ f |7/|P/i'(r) p^k —'y)h'{ro)]P~^ C |7/|^’/i'(r)|Vr-*-|2 

^ Jm h{r)^ ^ Jm 

< A f 1 , [ik-l)h'{ro)]P-^ f \y\P 

~ JM^hirp-P^ pPh{rp-P^ pP-i JdMhirp-^' 

p—2 

where Ap = max{l, 2 “ 2 “}, Moreover, if M is minimal, we ean take 7l = 1. 

Proof. We may assume h'(ro) > 0, otherwise, there is nothing to do. First, 
we fix p > 1 and let fj G C^{M). Take e > 0 and consider the function = 
( 7/2 + e2)i/2. Note that > I/'I > 0 and [Vi/ej = IWj < IVt/]. 
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Thus, by Proposition 13.11 

{k — ^Y f Yeh'{r) ^ l{k —'yY~^ f Yeh'{r)\'Vr-^\‘^ 

Jm 


pP 


Jm 


IM Hr 
< 


pP 


-1 


h{r) 


^ Vi^jp/2 ^{k- lY ^ 


Yl 


Im h{r) 


i-p 




pP 


-1 


IdM h{r 


i7-l ■ 


Since Yei < Ye 2 ^ if < ^ 2 -, and \Y\ < V’e ^ IV'I + e, by taking e —^ 0 , we have 


{k —'jY f \Y\^h'{r) ^{k — jY 


pP 

(11) 


/ 


M HH' 

h'Yo) 


+ 


pp- 


f 

^ A 


|i/i|P/i'(r)|Vr 


-L|2 


M HH 


< 


j 

Jm 




.]p/2 + 


Ja 


dM h{r 


, 7-1 ■ 


Im HrV ^ 

Now, taking p ^ 1, and applying the dominated convergence theorem, we 
obtain that m also holds for p = 1. Applying (1101) in inequality (llip . 
Theorem 13.21 follows. □ 


As a consequence of Theorem 13.21 we obtain a Hardy type inequality 
for submanifolds in ambient spaces having a pole with nonpositive radial 
sectional curvature. Namely, the following result holds 


Corollary 3.3. Let M be a complete simply-connected manifold with radial 
sectional curvature ^ 0, for some S M. Let r = r^^ = ,^o) 

and let 1 < p < k and —oo < 'y < k. Then, for all Y ^ C^{M), it holds 

{k-'yY f 'y{k-7Y~^ f iV'l^lVr-Lp 

pP Jm~^ Jm ^ 


where Ap = 


max{l. 


P-2 , 

2 — }. 


Moreover, if M is minimal, we can take Ap = 1. 


4. The weighted Hoffman-Spruck inequality for submanifolds 

Another consequence of Theorem 13.21 is the Hoffman-Spruck Inequality. 
Namely, fixed S Hi-, we assume (.^)rad < I^Y) in M, where r = r^^ = 
d]^{- ,^o)- Let B be the geodesic ball in M centered at ,^o and radius fo = 
min{fo(/C),Inj^(^o)}- Since M is compact and contained in B, it follows 
that r* = max 2 ;gMT(x) < tq = min{fo(/C),/njjg(^o)} and h is increasing in 
[0, fo). Hence, we may assume M is contained in a ball BrY^P)-, fo^ some 0 < 
ro < min{fo(/C),/nj^(^o)}) j arbitrarily close to fo, satisfying h'{rp) > 0 . 
In particular, h'{r) > 0, for all 0 < r < tq, since h” = —/C/i < 0. Applying 
Theorem l3.2l we conclude M cannot be minimal. On the other hand, notice 
that r] = — Vr is the unit normal vector to the boundary dBrY^o) pointing 
inward Hrg(^o)- By the Hessian comparison theorem (see ([1|)), the shape 
operator A = —Vp satishes A{v,v) = Hessr.(u,?;) > > 0, for all unit 

vector V tangent to dBrY^P)- Hence, the boundary dBrY^o) is convex. Since 
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M does not admit any closed minimal submanifold inside B, by Section 6 
of [H], there exists a constant c > 0 depending only on k, satisfying 

vol(M)“^ < c(vol(5M) + f 

J M 

provided n < 7, or vol(M) < V, where T> depends only on B. Thus, by a 
straightforward calculus, one obtain 

(12) [[ < s / dv^vi”+ 

Jm Jm 

for all 1 < p < A: and i/; G C^{M), with i/i = 0 on dM, where S depends 
only on k and p. 

By Hoffman and Spruck [9], one see that V depends only on Injj^j{M) 
and fo{JC). Namely, Hoffman and Spruck proved the following. 


Theorem 4.1. Assume the sectional curvatures of M satisfy K < b‘^, for 
some constant 6 > 0. Then, there exists a constant S > 0 satisfying 


(13) 




1 ^ 

p* 


< S 


Jm 


IM JM 

for all 1 < p < k and if G C^{M), with ip = 0 on dM, provided there exists 
z £ (0,1) satisfying 


(14) 

(15) 




2 /ift ^{Jz) < InjM (supp {if)), 


[^^^volM(supp('0))]fc <-i, ifb>0-, and 


where kbit) = t, with t G (0,oo), if b = 0, and hb{t) = ■^sin( 6 t), with 
t G (0, ^), ifb > 0 (In this case, hff^{t) = sin“^(t 6 ), with t G (0, ^)). Here, 

ojk is the volume of the standard unit ball Bi{0) in and Inj (supp {if)) is 
the infimum of the injectivity radius of M restricted to the points o/supp {if). 
Furthermore, the constant S = Sk,z is given by 


(16) 


^k,p,z 


TT 


2'^k 




2z{k — l)^l — z^ '■ k — p 

Moreover, if b = 0, S^^p^z can he improved by taking 1 instead ^. 


Remark 1. The Hoffman-Spruck’s Theorem above can be generalized for 
ambient spaces M satisfying {K,-s^)^ < JC{r^), for all ^ G M. The details 
and proof for this case can be found, for instance, in [ 2 ]. 


The constant Sk,p,z as in (|16p reaches its minimum at 2 : = hence we 
can take 


S 

( 17 ) 


Bk,p — min p z 
^e(o,i) 


TT 


2^k 


k+l 


{k-1) 


K-‘(t + l))l2 >'->( 




k — p 


T 2fe(A; + l)"t^ ^ -1 1) 

2 k — 1 ^ k—p 
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provided J = [^^vo1m(supp (-0))]< Sb and 2h ^(J) < /nj^(supp (-0)). 
Thus, as a corollary of Theorem 14.II and (jl2p . one has 

Proposition 4.2. Fixed G M, assume (^rad) 5 o — ^issume M is 

eontained in B = BroiCo)) with vq = min{fo(/C),/nj^(^o)}- Then, for all 
1 < p < k, there exists S > 0, depending only on k and p, such that, for all 
if G C^{M) with if = 0 on dM, it holds 

\f \i’\’’']^<s [ (|v".^|» + h!f^), 

Jm Jm 

provided either k < 7, or vol^Csupp (if)) < V, where 0 <V < +oo, depends 
only on Injj^i{M) and tq. 

Example 4.3. Assume M is a Cartan-Hadamard manifold. Then, it holds 
fo(/C) = Inj^ii^o) = Injji^ (M) = oo. Hence, we can take T> = +oo in 
Proposition 14.21 


Now, we use Theorem 13.21 together with Theorem 14.11 in order to obtain 
a weighted Hoffman-Spruck inequality for submanifolds in manifolds. 


Theorem 4.4. Fixed f,o G M, assume (.Ai.ad)go < where r = d]^{- ,^o)- 
Assume M is contained in B = BrQ{f,o), with vq = min{fo(/C),/nj^(^o)}- 
Then, for all if G C^{M), with if = 0 on dM, it holds 


if/ 1 ^ 1 ^* 

S Jm h{rY “ 




,p,a 



\if\Ph'{r)\VrY^ ^ r \if\Ph\r)\VrY^ 
^ r \lf\P\H\P 


provided either k < 7, or vol(M) < T>, where Q < T> < +oo depends only 
inj]^{M) and tq. Here, p* = S > 0 depends only on k and p, and 

2p |p-2 2(l-p) n 2p P+2 

Tk,p,a = ^p[l + |ah+p2(p+2)h'(ro) ^tp (_^)p+2] 2 

1 r , 2(p-l) 2p |p-2| n 2p P+2 

= h (ro) ^Ap\h {ro) p+‘^ + \a\ 2+p2(^+2) f 1 ^ 

A: — 7 ■' 

|p-2| 'yp 2p -|p-2| 2(p-l) p -2p p 2p 

= 2^“—41—(|a|2+p + 2 p+2 /i'(ro) p+2 (—^)p+ 2)2 |a| 2 +p 
fc — 7 fc — 7 

2p -|p-2| 2(p-l) j) -2p p 2p 

Afc,p,a = ^p(|a|2+p+2 p+2 /i (ro) p+2 (--)p+ 2 ) 2 |a| 2 +p , 

/c — 7 

p —2 

where 7 = p(q; + 1 ) and yip = max{l, 2 “}. 


Proof. First, we assume ^0 ^ AI. Then, r = dj^{-,(,o) > 0 on M, hence 
^^7 is a function on M vanishing on dM. By Proposition 14.21 there is 
a constant S > 0, depending only on k and p, such that, for all if G C^{M) 
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with 'll) = 0 on dM, the following inequality holds 

( 18 ) [ [ 

J N 


I* < 5 /■ r|v"(^)P + 

- Jm" VK'-r'’ 


provided fc < 7 or vol(M) < where V, depends only on tq and Injj^{M). 
Using that , by the Young inequality, 


|V 


Mr V' \|2 




Hrr h{r) 

a^ilP'h’ {r)‘^\Vr^\‘^ 


+ (T7i) 




/i(r) 


+ 


s2a 


h{r) 

< {a^ + |Q:|e^) 


h{r) 


2a+2 




(19) 


2 

M „/,|2 


h{r) 


2a 


= (|«| + e^)[ ' 


/j(^) 2 (o+i) e^h{r) 


2a J ’ 


for all e > 0. Hence, using (fTOl) . 


= (Iv"( 4 .)|¥ 


( 20 ) 

( 21 ) 


< ^p(|a| +e^) 2 [ ' ' ^ —^+' 


h{r) 


p(a+l) 


ePh{r) 


pa J 




h{r) 


ePh{r) 


pa J 


-A (|a|+€2)f[('®pl“l'^^^'(^) \a\2'il;Ph'{r)\Vr^\P) ^ 


/i(r) 


p(a+l) 


h{r) 


p(a+l) 


ePh{r) 


pa J ■ 


where Ap = max{l, 2’’2 } and Bp = max{l,2 2 ^}. Inequality (l2n]l holds 
since h" < 0, hence h'(r) < h'(0) = 1 and Inequality (f2n]l holds since, by 
m, one has |Vr''~|^’ + |Vr-*-|P < max{l ,2 2 ^}. Thus, using (fT 8 ]l and 
we obtain 


-[[ _ ]P/P* < f 


ijjPlHlP 


+ 


imP^Kp) 

A r\ \ 2\Hri i^» f 'ip^h'{r) 

"2lp(l«l + e )2 [ lahHpy^^ I 


1 


— a 2 


IM /i(r)^^“+^^ JM Hrf 
On the other hand, by using Theorem 13.21 

r vh'ir) ^, r ,iv"v>i'’. rwr , „ r 

Im MrF<“+'> - +p»Mrrl 


I„ig /■ i’^h'{r)\Vr^\P 

Jm /i(r)P(“+^) 

V'^Y(r)|Vr-*-|2 


h{r)P^ 


a+l) 
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’"hrrr nnrl _ P^h'(roy ^ ■y[{k-'y)h'{ro)]P _ 

wnere jik,p,a - h'(ro)P-l ik--y)p ^k,p,a - (k-^)p -- - 

Thus, it holds 


7P 

k—y * 


1 / 




S Jm h{rY 


^ Ck,a,p,e 




IM 




ijjP\H\P 


h{rf^ ' 


- E, 


f 

k,p^a,e I 

Ja 


i/>P|Vr 


±\2 


M h{r) 


p(a+l) 


-Fk 


f 

,p,a,e / 

Ja 




M h{r) 


p(q!+i) ' 


where 


,p,ce,e T £ ) 2 ( |ci| 2 EpAk^p^a T £ ^) 

= . 4 p[(|a| + £^) 2 |q;| 2 -|- (1 -|- |Q;|g 2 ^ 2 ] 

.Tp(|ci| + £ ) 2 |q;| 2 EpAk^p^a T 1 ^ Ek^p^a,e 
T £ ) 2 |ci| 2 EpBk^p^ct' 

An I 2 \ 2 I I £ 

k,p,a,E ~ T £ ) ^ |£l| ^ • 


Ck 


Ek,p,a,t 

Ek,p,a,e 

F, 


Consider the function k{e) = Ck,p,a,f We have 


Ap^k’ie) 


— ^(|q^|+£^)^ ^ 2£ |q:| 2 0p^^ p + ^(1 + |a|e ^)2 ^(—2|a|£ 

= p{\a\ + [£ \a\ 2 BpAk,p,a - £^"^ 


, 2 x 2-1 


p, 


,-2x2-1, 


-31 


= p(|a |+£^)2 ^ e\a\[\a\‘'F BpAk^p^a - e ^ 


P-2 


a € 


C- 2 -PI 


Thus, k'{e) = 0 iff £ ^ ^^ = |a |’’2 BpAk^p^a, i-e., £ = [\oi\^^ Sp^fc,p,o] 2 +^. 

p — 2 — 1 

Hence, it simple to see k{e) reachs its minimum at £0 = [|a|~-Bp^fc.p.o] 2 +^. 
We obtain 


Ek,p,a ■ — 


Fk,p,a,€Q — “^p(l®l T ^0) ^ ( l®l ^ E-gA 

... , . p-2 , -2 , 


— 2p 

Lplal 2 (1 + |a| 2 +p 


— Ap (I«I + 
= 

= 4 

= A^ 


I p-2 

la 2 


I p-2 

|al 2 


EpAk^p^a] 2 ^^ ) 


' -u/ VI— I EpAk^p^a F Cq ) 

EpAk^p^a]^^^ )^( \(^\^ EpAk^p^a T [l*^! ^ 

^ [EpAk,p,a]F^ ) 2(1 + \a\Fi^[EpAk,p,a]F^)\a\^EpA 

p ~2p —2 p+2 p 

Lp|Ck| 2(1 + \(a\ ^ |o^| ^ ^P^k,p, 


^p^k,p,a 


p -[ 2p 2 p+2 p 

Lp|a|2|a|"P[HpHfc,p,„]"-^(l + \a\2+p [EpAk^p^aW^ )~\a\2BpAk,p,a 

2p 2 p+2 

^p(l + |a| 2 +p [HpHfc^p^o] £+2 ) 2 

2p |p-2 2(l-p) p 2p P+2 

A 1 + |a|2+p2(p+2)/i'(ro) 2+2 (t-^)2+2 ^ ■ 

fc — 7 ■' 












14 


M. BATISTA, H. MIRANDOLA, AND F. VITORIO 


_ _ .... . ^ P~2 ^ ^ 2—p .. \p— 

The last equality holds since ApBp = max{l,2“^}max{l,2 ^“} = 2~ 
We also have 


^k,p,a 


and 

^k,p,a,e 


O P P 

Bk,p,a,eo ~ T ^o) ^ l®l ^ BpBk p o, 

^p(| 0 ;| + [|ci| 2 BpA}i;pa\^'^^')^\Oi\'^13pB]^p,y 

^p(|q:| + |o;| p Q,] p +2 ) 2 p Q, 

»4p (I Cl I T [^p^fc,p,«] ^ |ci| Sp-Bfc,p,Q! 


|p-2| yn 2p_ 

1 „ /I_ 2+p 


fe — 7 


a 


-|P-2| , 2(p-l) 

+ 2 p+2 h'(ro) p+2 ( 


A: — 7 


2p 
)p+2) 


a 


V ■. V P , , 

\ -r,_LO \ — I .^,1 2+p 


F^k^p,a,e — “1“ ^o) ^ 1^1 ^ 

^p(|a|^ + [^p^fc,p,a]^) 2 |a|^ 

£-2, ,, 2p -|p-2 2(p-l) p -2p V 2p 

max{l,2 2 }no; 2+p^_2 P +2 h (vq) P+2 (--)p+ 2)2 Q; 2 +p, 

K — 7 


Thus, it follows that 



— hfcjPjQ! 



f \V^ 

Im^ hirr 

Vr-'-p 


pPh{r)P'^ 



'ipPh'{r)\Vr-^\P 


Now, assume As we have observed in the proof of Theorem 13.11 

it holds vo1m([t < 25] n M) = 0{5^) and voI^mC^M n [r < 25]) = 0{5^~^), 
as (5 > 0 goes to 0 . 

Consider the cut-off function rj = rjs (z C°°{M) satisfying: 


0 < r? < 1, in M; 

(22) ?? = 0, in [r < 6] n M, and rj = 1, in [r > 25] n M; 

< L/6, 

for some L > 1 that does not depend on 5 and ry. 

Let (f> = rj'il). Since (p € C^{M) and ^ M' = supp (p), it holds 


SVmMiT’"' ‘'’’■“/m h { rf “^» ‘■'■“A 

— bfc,p,Q! I [ 

Jm 


4>Ph'{r)]Vr^]P 

Im 

]V^(t>]P (l}P]H]P 


+ 


h{r)P pPh{r) 


pa J • 


Notice that, 

r |v^A>|p 

Jm h{r)'^P 

(23) 


|ryV^V’ + t^V^77|P 


M, 


IM 


I 


h{r)’^P 

]v^i}]p 


|ryV^V' + V'V^ry|P 


[r>25]nM h{r) 


ap 


+ 


M, 


'{&<r<2S\r\M 


h{r) 


ap 
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and, since h{5) = 0(6), as <5 —>■ 0, 
J[S<r<2S]nM 


.ap 


< 


'[5<r<2S\ 


(iv"^.r+^»o(4))o(4) 


’ {6<r<2S} 


SP' 

(0(i^) + 0(S) 








(24) 

as (5 —>■ 0, since /c — 7 > 0. Hence, 

I f ^ 

S J[r>25]nM h{rY " 


= (0(jlF) + 0(^))0(i‘) 

= 0{5^-^P) + 0(5'=-p(“+i)) = 0((5^"^), 


jp/p* 


^ f V’^/i'(r)|Vr-Lr , A f V’^/i'(r)|Vr-L 

^ J[r>2S]nM ^ ^’^’“y[r>25]nM 


— p Q, 


/ 

JM 


\pal 


0{5‘ 


k—'y\ 


IM Hrf pPh{r) 

Since /c — 7 > 0, taking 5^0, Theorem 14.41 follows. 


□ 


As a corollary, we have the weighted Hoffman-Spruck type inequality for 
submanifolds in Cartan-Hadamard manifolds. 

Corollary 4.5. Assume M is a Cartan-Hadamard manifold. We fix any 
f,o £ M and let p = Pgo ~ ^Aii' Yo)- Let 1 < p < k and —00 < a < 

Then, for all fi £ C^{M), with if = 0 on dM, it holds 

hf MtlP/p-^<n f f 

ifP*ci J ^k,p,a I ^k 


Im rP(“+i) 


,P,a / 

JN 


— b/j p Q, 


M rP(“+i) 

f W^if\P , \if\P\H\P 

M 


+ 


Here, p* = S = Sk,p > 0 depends only on k and p, and Tk^pa, 
and Ak^p^a opc defined as in Theorem \4-4\ with h'^tfi) = 1. 


rpPrpPC 

,pa! ^k,p,a 


5. The Caffarelli-Kohn-Nirenberg inequality for submanifolds 

Inspired by an argument in Bazan and Neves [3], we will obtain the 
Caffarelli-Kohn-Nirenberg type inequality for submanifolds (see Theorem 
15.21 below) by interpolating Theorem 13.21 and Theorem 14.41 In order to do 
that, first, we will test the interpolation argument to prove a particular case 
of our Caffarelli-Kohn-Inequality type inequality (compare with Theorem 
14.41 above). We prove the following. 

Theorem 5.1. Fixed £ M, assume (.Ki.ad)co — where r = dj^{- ,Co)- 
Assume M is contained in B = Brfiifi), with pq = mm{fo{IC), Injj^j{f,o)}. 
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Let 1 < p < k and —oo < a < Let s > 0 and a < 7 < a + 1 satisfying 
the balance condition: 

1 1 (a + 1) — 7 1 'j — a 

s p k p* k 

We write s = (1 — c)p + cp*, for some c € [0,1]. Then, for all € C^{M), 
with Ip = 0 on dM, it holds 


[/ 

Jm 


h{r) 


S') 


]"<( 


A 


P(l-e) 


/i'(ro)' 


{svy 


IM 


■ h{rf^ 


+ 


\mH? . 


provided either k < 7 or vol(M) < V, being 0 < V < +00 a constant 
depending only on rg and Injj^{M). Here, S > is a constant depending 
only on k and p, and 


A 

r 


lfh'{ro)-P 

max|l,2 2 


[k -p{a + 1)]P’ 

p-2 , 1 r , 2(p-l) 2p |p-2| 

max{l ,2 2 }h [r^y ^[h {rQ) p+2 + |a| 2+p 2 (^+ 2 ) 1 


k — p{a + 1)' 


P N ^2- 

^ ' P+2 


Proof. We write 7 = (1 — 0)(a + 1) + 6a, for some 6 G [0,1]. Since s = 
(1 — c)p + cp*, with c G [0,1], by the balance condition, it holds 

9p _ 6{k — p) 

6p+ {1 — 6)p* k — Op ' 


which implies 6{1 — c)p = (1 — 6)cp*. Hence, after a straightforward compu¬ 
tation, one has 57 = p(l — c)(a -|- 1) +p*ca. By the Holder inequality, 


f r 

Jm Krr 


^p(l-c)+p*c 


< 




/ 


PjPp-c) 




1 / ( 


h{r 


,p(1-c)(q!+1) 


7e ^ 


^ ^ r rh'jr) r \f;f 

h'{ro) Ji^ Jm h{rY “ 

The last inequality holds since 1 = /i'(0) > /i'(r) > h'{rQ). Thus, using 
Theorem 1,3.21 and Theorem 14.41 



< 


< 


f r\H\^ .fJWH 

^ Jm^ h{rr pPh{rr^^ 


X 


X 


A 


p(l-c) 


(5r)- 



i:P\H\P 

h{r)P° 



where A = Ak^p^a = max{l,2'’2 ^nd T = Tk,p,a is given as in 

Theorem 14.41 □ 
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Now, we will state our Caffarelli-Kohn-Nirenberg type inequality for sub¬ 
manifolds. 


Theorem 5.2. Fixed G M, assume {K^iid)^ci — where r = d§j{- ,^o)- 
Assume M is contained in B = with = min{fo(/C),/nj^(^o)}- 

Let 1 < p < k and —oo < a < Furthermore, let q > 0,t > 0 and fd, 7, a 
satisfying 

(i) 'y is a convex combination, 7 = acr -|- (1 — a)f5, for some a G [0,1] 
and a < a < a + 1; 

(a) Balance condition: f — ^ = a(^ — -|- (1 — a)(| — ^). 

Then, for all "if G C^{M), with if = Q on dM, it holds 


(25) 



\iP\i 

h{rr 7 m h{rf^ 


1 —Q 

g . 


provided either k < 7 or vol(M) < V, being 0 < V < -|-oo a constant 
depending only on ro and Injj^{M). Here, 


C={ 


A 


/i'(ro) 


)‘^(sr)' 


where c G [0,1] and s G \p,p*] depend only on the parameters p, k, a and a, 
S depends only on k and p, and A and T are defined as in Theorem \5.1[ 


Proof. If a = 1 then a<^ = a<a + \ and 7 = | — = ^ + 

in particular, p < t < p*. Thus, Theorem 15.21 follows from Theorem 15.11 If 
a = 0 then 7 = /? and q = t, hence there is nothing to do. From now on, we 
will assume 0 < a < 1. 

By and (ii), we obtain 


(26) 


1 7 ,1 a-l-1, ,,1 / 3 , 

7 = T + «(-^)+ (!-«)(--9 

t k p k q k 

aa + {l-a)/d 1 a + 1 1 /3 

-+«(g-^) + (1-«)(7-t) 


k 


P 


1 _ (a+p-a ^ 

p k 


k 

1 — a 

q 


a 1 — a 

—I-) 

s q 


k' 


where i = i - 

s p k p* ' k 

We write 


Hence, s = G \p,p*] 


(27) 


t = (1 — b)q + bs. 
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If s = g, we take b = a. If s / g then, by (f26|) . t = q + b{s — q) = 

(a I _ _22_ Henre 

U + g ^ ~ aq+(l-a)s- ^l^nce, 


6 = ^ = ( 


sq 


1 g(ag +(1 - q)^) ^ 1 


= ( 
(28) = 


s — q ^aq + {l—a)s s — q ag + (I — a)s s — q 

sq — aq^ — qs + asq, 1 




= (• ^ ~ g ^ 


og + (l —a)s s — q aq -\- {1 — a)s s — q 
aq 


aq+ {1 — a)s 

Thus, b = € [0,1], independently whether s = q ov not. In 

particular, {1 — b) = hence (1 — b)aq + (1 — 6)(1 — a)s = (1 — a)s, 

which implies, 

(29) (1 — b)aq = (1 — a)bs. 

Thus, it holds 

'yt = {aa + {1 - a)f3){{l - b)q + bs) 

= [(1 — b)aq]a + absa + (1 — a)(l — 6)g/3 + [(1 — a)6s]/3 
= [(1 — a)bs]a + absa + (1 — a)(l — b)qf5 + [(1 — b)aq]f5 

(30) = bsa + (1 — b)q/3. 

By (l?r)) and (pO]) . 

,|t , j- |.0|(l-6)g+6s ^ 


[/ 

2 a 


M h{r 


,7tJ 


It = 


< 


[/ (- 

Jm I 


\bs 


(31) 


IM h{r 

if -^iHf 
7m'A 




|'0|B 1 i-b 

' ' ' 1-6 ~ 


5,1-6 r 


|V^|5 1^ 


iM h{ry’^' h{ry^‘ ''Jm h{rY^ 

The last equality holds since, by (1261) and (l28t) . we obtain ^ = (^^^qr^:^)(f+ 


—) = - and — 

q ^ s r 


1—b _ 1—g 

~ 9 


Now, since p < s < p* satisfies, ^ balance condition 


holds: 


1 fj 1 a + 1 

7+6 = p“~' 


Write s = (1 — c)p + cp* , with c G [0,1]. By Theorem 15.1 

^ Jm 


[/ 

Jm 


+ 


xap 


)]^ 


iMhiry-^ - ^JM^hiryP h{r 
where C is given as in Theorem 15.11 Theorem 15.21 is proved. 


□ 


As a corollary, we have the Caffarelli-Kohn-Nirenberg type inequality for 
submanifolds in Cartan-Hadamard manifolds. 
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Corollary 5.3. Assume M is a Cartan-Hadamard manifold. We fix any 
€ M and let r = Let 1 < p < k and —oo < a < 

Furthermore, let q > t),t > and fi, 7 , a satisfying 

(i) 'y is a convex combination, 7 = au + (1 — a)f3, for some a G [ 0 , 1 ] 
and a < a < a + 1; 

(a) Balance condition: j - ^ = a(| - + (1 - a)(| - |). 

Then, for all G C^{M), with if = 0 on dM, it holds 
It. t- |VM^|P a r 


(32) 

Here, 


1/ 


M - 


p(l — c) 1 

C = A^^iST)- 


where c G [0,1] and s G \p,p*] depend only on the parameters p, k, a and a, 
S depends only on k and p, and 

pP 


A = 


p-2 

max{l ,2 2 I 


[k -p{a + 1 )]P’ 


p-2 . 2p |p-2| 

r = max{l ,2 2 } [1-|-|q;| 2+p2(p+2) ( 


P 


k — p{a + 1 )' 


2p . £±2 

IP+ 2 I 2 ^ 


Example 5.4. There are some inequalities that derive from Theorem 15.21 
For the sake of simplicity, we assume M is a Cartan-Hadamard manifold. 
Fix any (,0 £ M and let r = dj^{- ,(, 0 ). By Corollary 15.31 there exists a con¬ 
stant C, depending only on the parameters k,p,q,t,'y,a and /3, such that, 
for all if G C^{M) with 1 /; = 0 on dM, the following inequality holds. 


1 - The weighted Michael-Simon-Sobolev inequality (compare with Theo¬ 
rem 14.41 and Theorem EH) is obtained from Theorem 15.21 by taking a = 1 
(hence 7 = u). In particular, if a = 1 and a = 0 then, for all 7 G [ 0 , 1] and 
t > 0 satisfying j - 4 = it holds 

1 / '■%]'! <c[ + 

JM Jm 

2 - Hardy type inequality for submanifolds (compare with Theorem 13.2|) . 
We take a = 1 and 7 = a -|- 1- Hence, 7 = <7 and, by the balance condition, 
t = p. Thus, it holds 

/ <c f 

Jm “ Jm^ rP^ ' 

3 - Galiardo-Nirenberg type inequality for submanifolds. We take a = fi = 
(7 = 0. We obtain, 7 = 0 and, for all t > 0, satisfying 7 = ^ + with 
a G [0,1], it holds 

{[ M"^<c[[ {\v^1f\p+\1f\p\H\p)]^[ m'-w. 

Jm Jm Jm 
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In particular, if we take k > 3, p = 2, q = 1, and a = 2/(2 + |), then 
i = + = 2 ^ + ^2 = i and the following Nash type 

inequality for submanifolds holds 

[/ \i^?]^<C[l (|V^i/|2 + |V^|2|/7|2)]^[/‘ |V,|]42. 

JM Jm Jm 

4 - Heisenberg-Pauli-Weyl type inequality for submanifolds. We consider 
k > 3 and take t = 2, p = q = 2, ^ = a = 0, [3 = —1 and a = ^. The 
parameter conditions in Theorem 15.21 are satished. So, we obtain 

JM Jm Jm 
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